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Abstract. This article addresses the problem of developing an extension of the Marsden- 
Wcinstcin reduction process to symplectic-like Lie algebroids, and in particular to the case 
of the canonical cover of a fiberwise linear Poisson structure, whose reduction process is the 
analogue to cotangent bundle reduction in the context of Lie algebroids. 



Dedicated to the memory of Jerrold E. Marsden 



1. Introduction 

1.1. Preliminaries. A smooth and proper action of a Lie group G on a symplectic mani- 
fold (M, fi) is called Hamiltonian if G acts by symplectomorphisms and it admits a coadjoint 
equivariant momentum map J : M —> g* satisfying the compatibility condition 

where £jf £ X(M) is the fundamental vector field corresponding to the Lie algebra element 
£. The Marsden- Weinstein symplectic reduction process, introduced in [5D| states that, if fi is 
a regular value of J, and G M , the stabilizer of \i for the coadjoint representation, acts freely 
and properly on J (/j,), then the quotient J~ 1 ([i)/G fl is a smooth manifold with a naturally 
induced "reduced" symplectic form f2^. The identity characterizing 0^ is 

where i M : J~ l ([i) °-> M and ir^ : J _1 (/i) — > J _1 (/i)/G /J are the natural inclusion and projec- 
tion, respectively. 

One can look at the particular and important case when our symplectic structure is not on M, 
but on its cotangent bundle T*M, and the action of G is the cotangent lift of an action on 
M. In this case, the lifted action is automatically Hamiltonian with respect to the canonical 
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symplectic form on T*M given in trivializing local coordinates by il c = dx l A dy l . It can be 
shown that an equivariant momentum map for this action is given by 

(1.1) J(a x )(£) = a x {£ M (x)) for all a x €T*M,^e Q . 

The reduction theory for lifted actions on cotangent bundles was first studied in [26j , where only 
the case of Abelian actions was addressed. The general case was treated in [12] and pQ. The 
set of results emerging from those and other references is usually known as cotangent bundle 
reduction. We will expose here the basic lines of this subject and refer to [T5J [33] for a more 
detailed survey. We will assume from now on that the action of G on M is free and proper. 
For the case of lifted actions, due to the particularities of the fibered geometry existent, we can 
distinguish different situations for the choice of momentum value. This cases are 1) fi = 0, 2) 
G M = G and 3) general values of J. The theory of cotangent bundle reduction establishes the 
existence of maps from the abstract symplectic reduced spaces to certain cotangent bundles 
equipped with canonical symplectic forms possibly deformed by a magnetic term. The different 
possibilities are: 

• \x = 0. There is a symplectomorphism 

0o : (J- 1 (0)/G,O ) -> (T*(M/G),n c ). 

• G ^ = G. There is a symplectomorphism 

^ : (J-VVGV,^) (T*(M/G tl ),n c -B fl ). 

• General (j,. There is a symplectic embedding 

^ : (J-^/iVG^) -> (T*(M/G M ),n e -B M ). 

In the last two cases the magnetic term is the pullback by the cotangent bundle projection 
of a closed two- form on M/G^. This two- form is obtained, for example, via the choice of a 
principal connection for the fibration M — > M/G^. 

Note also that in the case G M = G (which corresponds to values of J for which their coadjoint 
orbits are trivial) we have M/G^ = M/G. Therefore, topologically, all the reduced spaces for 
momentum values \i with trivial coadjoint orbits are equivalent to the same space T*(M/G), 
and their symplectic forms differ only possibly in the terms B^. 

This paper develops a generalization of the reduction theory reviewed above for general sym- 
plectic manifolds and the particular case of cotangent bundles, to the setup of Lie algebroids. 
For general Marsden-Weinstein reduction, this happens when one substitutes the tangent bun- 
dle TM of a symplectic manifold M by a more general symplectic vector bundle A over M (a 
symplectic- like Lie algebroid). For cotangent bundle reduction, the generalization consists in 
substituting TM by a general Lie algebroid A, and T(T*M) by a special construction called 
the canonical cover (or the prolongation of A over A* following the terminology of [13]) of A*, 
which happens to be a symplectic-like Lie algebroid. The latter generalization is a particular 
case of the former, and both cases coincide with Marsden-Weinstein reduction and cotangent 
bundle reduction, respectively, when A is just the tangent bundle of M. In the remainder of 
this section we will give an overview of the new results of this article. 
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1.2. Reduction for Lie algebroids. A Lie algcbroid is a natural generalization of the tangent 
bundle to a manifold. It consists of a vector bundle A — > M equipped with a certain geometric 
structure that allows to generalize on the one hand, the Lie algebra of vector fields on M to a 
Lie algebra structure [•, •] on the space of sections of A, and on the other, the exterior derivative 
on differential forms to the a derivation d A of the exterior algebra of multi-sections of A* . The 
general theory of Lie algebroids is reviewed in Section [2] We remark that giving a Lie algebroid 
structure on vector bundle A is equivalent to giving a linear Poisson bivector on the dual vector 
bundle A* of A. 

In order to study the reduction process for a Lie algebroid A — >• M we introduce in Subsection 
13.11 the notion of an action by complete lifts on A as an action $:GXi4->Aofa Lie group 
G by vector bundle automorphisms of a Lie group G on A together with a Lie algebra anti- 
morphism tp : g — > T(A) such that the infinitesimal generator of £ £ with respect to $ is just 
the complete lift of "0(C); or equivalently, an action $ : G x A* — >• A* on the dual vector bundle 
A* by Poisson automorphisms such that the infinitesimal generator of £ is just the Hamiltonian 
vector field (with respect to the linear Poisson structure on A* ) of the linear function associated 
with the section ?/>(£) <E F(A). The standard example of an action by complete lifts on the Lie 
algebroid TM is the tangent lift of an action on M. 

If $ : G x A — > A is a, free and proper action of a connected Lie group G on the Lie algebroid 
A by complete lifts then in Section [3] we construct an affine action <!> T : TG x A — > A of the 
tangent Lie group TG such that the orbit space A/TG is a Lie algcbroid over the reduced 
manifold Mj G corresponding to the induced action <f> : G x M — > M of G on the base manifold 
M of the Lie algcbroid A. Moreover, we prove that the projection tt : A — >• A/TG is a Lie 
algebroid morphism (sec Theorem 13. 6|) . 

1.3. Reduction for symplectic-like Lie algebroids. The main idea behind the generaliza- 
tion of symplectic reduction to Lie algebroids consists in realizing that a symplcctic manifold 
can be seen as a Lie algebroid endowed with a symplectic vector space structure on each fiber 
varying smoothly. Under this point of view, the Lie algcbroid is nothing but the tangent bun- 
dle of the symplectic manifold, and the symplectic structure on the fibers is the evaluation of 
the symplectic form to each point. The fact that the symplectic form is closed can then be 
interpreted as being closed as a differential two-form on the Lie algebroid. This situation can 
be extended to an arbitrary Lie algebroid, not necessarily the tangent bundle of a symplectic 
manifold. Therefore, the setup for this paper will be a symplectic-like Lie algcbroid, i.e. a Lie 
algebroid A — > M equipped with a non-degenerate smooth 2-section O 6 T(A 2 ^4*) satisfying 
d A Q = and an action $:GxA->Aofa Lie group G by complete lifts on A. 

The main result of Subsection 13. 21 is to obtain a Lie algebroid version of the Marsden-Wcinstcin 
reduction for symplectic manifolds. Firstly, we will consider a momentum map J : M — > g 
for the action <f) : G x M — >• M which allows to define an equivariant map J T : A — > g* x g* 
for the affine action <I> T : TG x A — > A. Then, in Theorem 13.111 we describe the Lie algebroid 
analogue of the Marsden-Weinstein reduction scheme. It states that under a regularity condition 
involving a value /i £ g* of J, the quotient A^ := (J T )~ 1 (0,fi)/TG fl is a symplectic-like Lie 
algebroid over J~ 1 (/j,)/G fl . If il is the symplectic-like section on A and 7r M : ( J T )~ 1 (0, /Lt) — > A^ 
and T M : (J T ) _1 (0,/i) — > A are the canonical projection and inclusion respectively, then the 



4 



JUAN CARLOS MARRERO, EDITH PADRON, AND MIGUEL RODRIGUEZ-OLMOS 



reduced symplectic-like section on is characterized by the condition 

It is well-known that the base manifold of a symplcctic-like Lie algebroid has an induced Poisson 
structure (see [131 El US] ) • Then, as a consequence of the reduction theorem for symplcctic-likc 
Lie algebroids, it is shown in Theorem l3 . 1 31 that the Poisson structures on the base manifolds of 
the original and reduced symplcctic-likc Lie algebroids are related in a similar way. Namely, if 
{•, •} denotes the Poisson structure on M induced by Q and {•, -} M is the corresponding structure 
on J~ 1 (fi)/G fl induced by the reduced symplectic-like section 0^, then 

{/,ffj> 071 > = 

where 7r M : J _1 (/x) — > J~ 1 (n)/G IJl and t p : J _1 (/i) — > M are the canonical projection and the 
inclusion, respectively, /,<? are functions on J~ 1 ([i)/G fM and /, g are G-invariant extensions to 
M of / o 7r M and jo^, respectively. That is, the reduction obtained on the base manifold of 
the Lie algebroid is just the Marsden-Ratiu reduction for Poisson manifolds [TO] . 
In [2] a theory of reduction for Courant algebroids is presented. A symplectic-like Lie algebroid 
A induces a Lie bialgcbroid and therefore a Courant algebroid on A © A* (see [2]). Then, one 
may apply this Courant reduction process to A® A* and could recover, after a long computation, 
some results described in Section 13.21 However, we focus our study in the reduction of the 
particular case of symplectic-like Lie algebroids which allows us to obtain more explicit results 
on this type of reduction. 

1.4. Reduction for canonical covers of fiberwise linear Poisson structures. Section 
U] studies, within the framework of symplcctic-like Lie algebroids, the situation equivalent to 
cotangent bundle reduction. In this case the generalization goes as follows: First, the cotangent 
bundle over a manifold M is replaced by A* , the dual of a Lie algebroid A — > M, and then we 
consider the canonical cover of A*, (also known as the prolongation of A over A*), denoted by 
T A A* . This is a natural construction on the dual of a Lie algebroid, which happens to be in a 
canonical way, a symplectic-like Lie algebroid with base manifold A* . HA is the tangent bundle 
of M, then T A A* is just T(T*M). If there is a suitable action of a Lie group G by complete lifts 
on A, this action can be further lifted to the canonical cover of A* , in a natural way, and this 
lifted action happens to be a morphism of symplcctic-like Lie algebroids. Furthcmore, one may 
define an equivariant momentum map on A* (the base space of T A A*) in a similar way when 
as how the classical momentum map on T* M is introduced. In general it is not possible 
to find an equivariant momentum map for a Poisson action (see, for instance, [8]). However, 
for the case of the Poisson action $* : G x A* —> A* associated with an action $ : G x A — > A 
by complete lifts, an equivariant momentum map is described. 

Applying the reduction theory of symplectic-like Lie algebroids just developed we know that the 
reduction of T A A* at any momentum value is again a symplectic-like Lie algebroid. However, 
as in the situation of cotangent bundle reduction it is expected that the extra properties of the 
symplectic-like Lie algebroid, in this case the prolonged fibered structure, will be recovered in 
the quotient in some way. This is the content of the results of Section 5, for which the obtained 
new results reduce to the standard cotangent bundle reduction theory in the case that the 
starting Lie algebroid A — > M is the standard Lie algebroid TM. In Subsection 15. II it is shown 
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(Theorem 15. ip that if p = 0, there is a symplcctic-like Lie algebroid isomorphism between the 
reduced symplcctic-like Lie algebroid (J T )" 1 (0, 0)/TG and T A °A%. Here A -> M/G is a Lie 
algebroid with total space A/TG. The case G^ = G is studied in Subsection 15.21 There it is 
shown that (J T ) _1 (0, /jJ/TG^ is also isomorphic to T a °Aq, but in this case this isomorphism is 
canonical between the symplectic-like Lie algebroids if the canonical symplcctic-like section on 
T a "Aq is modified by the addition of a twisting term which consists in the lift to T a °Aq of a 
closed 2-section of Aq . This is the content of Theorem 15.21 Finally, Subsection 15.31 in its main 
result, Theorem 15.31 shows that for the most general momentum values, (J T ) _1 (0, /j)/TG fl is 
canonically embedded as a Lie subalgebroid of T A °^ A^ , where Aq^ is a Lie algebroid A/TG^ 
over M/Gp, and the prologation T a °-*A*q is equipped with its canonical symplectic-like section 
minus a magnetic term, just as in the G M = G case. 

As far as we know there is a similar research being done independently by E. Martinez [2"2"] . 
In addition, in the same direction, some similar results in the more general setting of Lie 
bialgebroids has been discussed in [25] , 



2. Lie algebroids 

Let A be a vector bundle of rank n over the manifold M of dimension m and let r : A — > M be 
its vector bundle projection. Denote by T(A) the C°° (M)-modulc of sections of r : A — >• M. 
A Lie algebroid structure ([•, on A is a Lie bracket [•, •] on the space T(A) and a bundle 
map p : A~^r TM, called the anchor map, such that, if we also denote by p : T{A) — > X(M) the 
homomorphism of C°°(M)-modules induced by the anchor map satisfying 

(2.2) [XJYj = f{X,Y]+p(X)(f)Y, for X,Y e T(A) and / G C°°(M). 

The triple (A, [•,•], p) is called a Lie algebroid over M (see [H]). In such a case, the anchor map 
p : Y{A) — > X(M) is a homomorphism between the Lie algebras (T(A), [•, •]) and (X(M), [•, •]). 
If (A, [•,■], p) is a Lie algebroid, one can define a cohomology operator, which is called the 
differential of A, d A : F(A fc ^l*) — > T(A k+1 A*), as follows 

fc 

(d A p)(X ,...,X k ) = Y,(-l) i p(X i )(p J (X ,...,X i ,...,X k )) 

(2.3) i=o 

+ ^2(-l) i+j n(\Xi t Xj],X , V V ; ... . , X k ), 

i<j 

for p e T(A fc A*) and X ,...,X fe e r(A). Moreover, if X e T(A) one may introduce, in 
a natural way, the Lie derivate for multisections of A* with respect to X , as the operator 
L\ : T(A k A*) — ► T(A k A*) given by C± =i x od A + d A oi x (see [H]). T/ie Lie derivative of a 
multisection P G F(A fe A) of A with respect to X is the fc-section C/^P on A characterized by 

C x P(ai, ...,a k )= p{X)(P{a 1 , . . . ,a k )) -}^P(ai, . . .,£xa>i, ...,a k ) 

i 

with a l G T(A*). 
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If (A, [•, is a Lie algebroid, we have a natural linear Poisson structure LLa* on the dual 
vector bundle A* characterized as follows: 



(2.4) 



{X,Y}n A , =-{X,Yj, 

{X, f M o r»}n A » = -p(X)(f M ) ° r*, 



{/at o r«, h M o T»}n 4 , = 0, 
for X, Y G r(A) and ju^M £ C°°(A/), r* : A* — » M being the canonical projection. Here, 
X and Y" denote the linear functions on A* induced by the sections X and Y, respectively. 
Conversely, if A* is endowed with a linear Poisson structure Ha* , then it induces a Lie algebroid 
structure on A characterized by (|2.4[) (see [1]). 

Now, suppose that (A, [■, ■], p) and (A', [■, •]', p 1 ) are Lie algebroids over M and M', respectively, 
and that F : A — > A' is a vector bundle morphism over the map / : M — > M' . Then, F is said 
to be a Lie algebroid morphism if 

(2.5) d A {F*a') = F*(d A V), for a 1 e T{A k {A')*) and for all k. 
Here i^*a' denotes the section of the vector bundle A k A* —> M defined by 

(2.6) (F*a%( ai , ...,a k ) = a' f{x) {F{ ai ), . . .,F(a k )), 
for x S M and oi, . . . , dk G A x . 

If F : A — > A' is a vector bundle isomorphism over a diffeomorphism / : M —> M' then the 
dual isomorphism F* : (A')* — > A* over / _1 : M' — > M is defined as follows 

[F*( a ' x ,)](a f - Hx/) )=a' x ,(F(a f - Hx , ) )), 

for x' G M', q/, e (A')*, and a/-!^) 6 ^-i^). 

Moreover, we have that F is a Lie algebroid isomorphism if and only if F* is a Poisson isomor- 
phism, that is, 

{/'of'.s'of'W ={f',9'}n (AV °F*, for f , ,g , eC °((A')*). 

If _F is a Lie algebroid morphism, / is an injective immersion and F\a x : A x — > ^-'h x \ is injective, 
for all x € M, then (^4, [■, -],p) is said to be a Lie subalgebroid of (A', [•, ■]',//)■ 
Let 7? : ^4 — >• A' be an epimorphism of vector bundles over 7r : M — > M', i.e. it is a submersion 
and for each a; S M, tt x : A x — > A' n , x -. is an epimorphism of vector spaces. If X : M —> A is 
a section of A, we said that X is ir-projectable if there is X' € r(^4') such that the following 
diagram is commutative 



X 



In the next proposition we will describe the necessary and sufficient conditions to obtain a Lie 
algebroid structure on A' such that tt is a Lie algebroid morphism. 
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Proposition 2.1. jlOj Let (A, [•, be a Lie algebroid and tt : A — > A' an epimorphism of 
vector bundles. Then, there is a Lie algebroid structure on A' such that tt is a Lie algebroid 
epimorphism if and only if the following conditions hold: 

(i) \X, Y\ is a TT-projectable section of A, for all X, Y G T(A) tt -projectable sections of A. 

(ii) {X, Y] G r(ker7r), for all X, Y G T(A) with X G T(A) a TT-projectable section of A 
and Y G r(ker7r). 

An equivalent dual version of this result was proved in [3] . 

Let X be a section of the Lie algebroid A. The vertical lift of X is the vector field on A given 
by X v (a) = X(r(a)) v a for a G A, where v a : A T ^ — > T a (A T ^) is the canonical isomorphism of 
vector spaces. 

On the other hand, there is a unique vector field X c on A, the complete lift of X to A, such 
that X c is r-projectable on p{X) and X c (a) = C^a, for all a 6 T(A*) (see Here /3, 
with P G T(A*), is the linear function on A induced by (3. 
We have that, for all X,Y eT(A), 

(2.7) [X c , Y c ] = [X, Yf, [X c , Y v ] = {X, Yf , [X v , Y v ] = 0. 
The flow of X c £ X(A) is related with Lie algebroid structure of A as follows. 

Proposition 2.2. 0[5T] Let (A, [•, •],/?) be a Lie algebroid over M and X a section of A. 
Then, for all P G T(A k A) (respectively, a G T{A k A*)) 

(i) There exists a local flow tp s : A — > A which covers smooth maps ip s : M —> M such 
that 

(2.8) CxP = -^-(((p s )*P)\ s=0 , (respectively, C x a = ^((</? s )*a)| s=0 ) 

(ii) C\P = if and only if (ip s )^P = P. 
(Hi) jCxO: = if and only if ip*a = a. 

(iv) The vector field X c on A is complete if and only if the vector field p(X) on M is 
complete. 

Here (ip s )*P is the section of A k A —> M defined by 

((<p s )*P)(x)(a 1: ...,a k ) = P(<p^ 1 (x))(ip* s (a 1 ), . . . <p*(a k )) 
for all x G M and a.\, . . . , a k G A*. 

If X is a section of A we define the complete lift of X to A*, as the vector field X* c on A* 
which is T*-projectable on p(X) and X* C (Y) = (x~XI, for all Y G T(A) (see [H]). If {tp s } is 
the local flow of X c then the local flow of X* c is {<p*_ s }. 

If (x l ) are local coordinates on M and {e/} is a local basis of sections of A, then we have the 
local functions p}, C/j, (the structure functions of A) on M which are characterized by 

= , {ei,ej\ = Cfje K . 

If (x 1 ^ 1 ) (respectively, (x z ,yi)) denote the local coordinates on A (respectively, A*) induced 
by the local basis {e 1 } (respectively, the dual basis {e/}) then, for a section X = X 1 ei of A, 
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the vector fields X v , X c and X* c are given by 

(2.io) x~ = xy,_- W _ + c *x^ K _ 

3. Reduction of symplectic-like Lie algebroids in the presence of a momentum 

map 

3.1. Actions by complete lifts for Lie algebroids. Let (A, [•, be a Lie algcbroid over 
the manifold M and let r : A — > M be the corresponding vector bundle projection. We consider 
an left action <3? : G x A — > A by vector bundle automorphisms of a connected Lie group G on 
A. Then, $ induces a linear left action $* : G x A* -> A* given by 

- ((V0|^ eW )* : ^ ^ e (x)> fOT .9 e G and x G M, 
where : G X M — > M is the corresponding action of G on M. 

We say that $ : G x A — > A is an action fry complete lifts if there is a Lie algebra anti-morphism 
-0 : g — > T(A) such that the infinitesimal generator of £ E g with respect to $ is just the 
complete lift of il>(£) to A. Note that this condition implies that £jf = p(ip(£)), where £m is 
the infinitesimal generator of the action <j> : G x M — > M with respect to £. Moreover, - 0(^) c 
is a morphic vector field in the sense of [T7] and therefore, for all g £ G, $ 9 : A — > A is a Lie 
algcbroid automorphism. Thus, the induced action $* : G x A* — > A* of G on A* is Poisson 
with respect to the corresponding linear Poisson structure on A*. Furthermore, we have the 
following result. 

Proposition 3.1. Let (A, [•, -],p) be a Lie algebroid on the manifold M, <j> : G x A — > A an 

action by vector bundle automorphisms of a connected Lie group G on A and tf> : q — > T(A) 
a Lie algebra anti-morphism. Then, $ : G x A — > A is an action of the Lie group G on A 
by complete lifts with respect to ?p if and only if $* : G x A* — > A* is an action on A* by 
Poisson morphisms such that the infinitesimal generator £a* associated with £ £ q is just the 
Hamiltonian vector field corresponding to the linear function associated with the section 

m e t(a). 

Proof. Denote by Ha' the linear Poisson structure on A* . We will prove that the Hamiltonian 
vector field 

is just the infinitesimal generator £a* £ X(A*) of £ with respect to the action <£>*. In fact, if 
/ £ C°°(M) and X £ T(A), using ([Zi]) . we have that 

H^(fo n ) = {/or,,!)}^, =^(0)(/)°n = m))* c (f°n) 

H^(X) = {X,^)}u A ,=m^Xj = m))* c {X). 
Here, {■, -}n A » is the Poisson bracket associated with A*. Thus, = (ip(£))* c - 
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On the other hand, the flow of {4>(£.)) c £ 3i{A) is {& e xp(t£) : A —> A} t ^s if and only if the 
flow of (ip(£))* c S X(A*) is {^* xp (_ t ^ : ^4* -> ^*}*gk and, in consequence, we have that the 
proposition holds. 

□ 

Examples 3.2. (i) If A = TM and <f> = 7> is the tangent lift of the action <f> : G x M ->• M 
then it is clear that $ is an action by complete lifts with Lie anti-morphism 

</>:g^X(M), iH0=6*. 

(ii) Let G be Lie group. If (g, [■, -] B ) is the Lie algebra associated with G, then we have, in a 
natural way, a Lie algebroid structure on g x TM — > M, where the Lie bracket and the anchor 
map are characterized by 

[(£ 1 ,x 1 ),(b,x 2 )} = ([£ u &} B ,[x 1 ,x 2 }), p(£,x) = x 

for all G fl and Xi,X 2 ,X G X(M). 

Now, consider a free and proper action (j> : G X M — > M of G on the manifold M. We denote 
by $ : G x (g x TM) -> g x TM and V : -> T(g x TM) ^ C°°(M, g) x £(M) the action of G 
on g x TM and the Lie algebra anti-morphism, respectively, given by 

$ g (£,Vx) = (Adf£,T x (j)g(v x )), £ G g and v x G T X M 

m = (-UM), i eg, 

where Ad G : G x g — > g is the adjoint action of G on g. Note that if ad G : g — > g denotes the 
infinitesimal generator of the adjoint action for £ G g, then the infinitesimal generator of £ G g 
with respect $ is just (ad| ? ,££ f ). Thus, $ is a free and proper action by complete lifts with 
respect to ip. 

Remark 3.3. Suppose that we have an action $:Gxi->Aofa Lie group G on a Lie 
algebroid A by complete lifts with respect to ip : g — > r(A) such that the corresponding action 
: G x M — > M on M is free. In such a case, for all x G M, ^ : g — >• is injective. Indeed, 
if G satisfy ^ x (£) = il> x (£'), we have that £m(x) = p(ipx{0) = Ptyxig)) = C M ( X ) which 
implies, using the fact that <p is free, that £ = 

Next, we will prove that each action of a connected Lie group G over a Lie algebroid A by 
complete lifts induces an affine action of the Lie group TG over A. Previously, we recall some 
facts which are related with the Lie group structure of TG. 

If G is a Lie group then TG is also a Lie group. In fact, if ■ : G x G — >• G denotes the 
multiplication of G, then the tangent map T- : TG x TG — > TG of • is such that (TG, T-) is a 
Lie group. Moreover, TG may be identified with the cartesian product G x g, where (g, [•, -] B ) 
is the corresponding Lie algebra associated with G. This identification is given by 

TG^Gxg, X g e T g G ( 5 , (T g l g -i)(X g )) G G x g, 

£ g -i : G — > G being the left translation by on G. The corresponding Lie group structure 
on G x g is defined as follows 

(3-1) (9,0-(9',O = ((9-9')^' + Adf gl) . 1 
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and its associated Lie algebra is g x g with the Lie bracket 

(3-2) [(tM£',ri%x B = ([£>£']«, - [£', »?],). 

Here AdF : G x g — >• g denotes the adjoint action of G. 

Moreover, if Coad TG : (G x g) x (g* x g*) -> g* x g* is the left coadjoint action of TG ~Gxg 
on the dual space of the Lie algebra (g x g, [-, -] S xb), then 

(3.3) Coad '{g%) 0*', = (Coadfin' + coadffi"), Coadffi"), 

for (j,()eGxg and (//, //') £ g* x g*, where CoadP : G x g* — ► g* is the left coadjoint action 
associated with G and coad : g x g* — > g* is the corresponding infinitesimal left coadjoint 
action. 

The following proposition describes how tp works with respect to the action $. 

Proposition 3.4. Let <!> : G x A — > A be an action of a connected Lie group G on the Lie 
algebroid A by complete lifts with respect to if) : g — > T(A). Then, 

(3.4) * g MAd°- 1 Q(x))=il>{Z){M*)) 
for all £ G g, g G G and x G M. 

Proof. We organize the proof in two steps. 

First step: Suppose that G is a connected and simply connected Lie group. Consider the map 

Using (|2.7[) . we may prove easily that ip cv is an infinitesimal action of TG over A, that is, ip cv 
is M-linear and 

<T ([(£,*?), (£W)] fl xg) = [^(^^(^r/)]. 
Then, since the vector field ip cv (£, rf) G 3i(A) is complete, from Palais Theorem (see [H]), there 
is a unique action $ T : TG xi^/l from TG = G x g such that for all (£, 77) G g x g 

Here (£,77) a G X(A) is the infinitesimal generator of (£,rf) with respect to the action $ T . 
Now, suppose that g = expG(n). Then, we have that 

(3.5) ^(Adf-ifX*)) = * T ((5,0 8 ), ^(Adf-if)^)) 
with g being the zero of g. In fact, one can prove that 

(3.6) 7r : R — > G x g, s M> 7r(s) = (expa{sr]), fl ) 

is an one-parameter subgroup and ^7| s=0 = (?7, e ). So, ^ T ((expa(sri),0 g ),'4>(Ad G - 1 ^(x)) is 
just the integral curve of </> T (f?, fl ) = (ip(if)) c at the point tp(Ad^_ 1 £)(x) G A^. In consequence, 

$ T ((exp G (sr)),0 g ), 1>(Ad°-it){x)) = ^{exp G {sv)^{Ad^O{x)). 

In particular, when s = 1, we obtain (|3.5[) . 
Furthermore, 

(3.7) ^(Adf-ifX*) = ^((e.^O.Ox) 
where X is the zero of A x and e is the identity clement of G. 
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In fact, in order to prove Q3.7p . we consider the one-parameter subgroup 

(3.8) tt' : K -> G x q, tt'(s) = (e, sAf^). 

Then, ^7| s=0 = (0 B , Ad^L^) 6gxg and, therefore, $ T ((e, sAi^!^), 0^)) is just the integral 
curve of V> CT (0 S , Ad^) = (^(Adg^g))* 6 at the point 0* e A*, i.e., 

In particular, if s = 1 we obtain (|3.7p . 

Now, from ([53]) . ([53]) and ([3~T]) . we deduce that 

^(VKA^X*)) = <J> T (( 5 ,o B ),$ r (( e ,AdG lC ) j0;c )) 

= $ T (( 5 ,0 B )- (e.Adf^O.Ox) 

= 4> r ((e,£) • (5,0 fl ),0 x ) = $ T (( e ,e),$ T (( ff ,0 B ),0 x )). 

On the other hand, using (|3.5p (with £ = fl ), it follows that $ T ((g, B ), 0^) = 0^ r x y In 
addition, from (|3.7p (with g = e), we obtain that $ T ((e, £), 0^ (a,)) = ip(£)((j)g (x)). This proves 
(|3.4p for g = exp G (?7). Finally, using that G is connected, we conclude that p.4[) holds for all 
, 9 gG. 

Second step: Now, we suppose that G is a connected Lie group with Lie algebra q. Denote 
by G the universal covering of G and by g its corresponding Lie algebra. Then, the covering 
projection p : G — > G is a local isomorphism of Lie groups and the map 

$:GxA^A, $(g,a x ) = <Z>(p(g),a x ) 

is an action of G over A by complete lifts with respect to the Lie algebra anti-morphism 
7/1 = 7/10 T e p : g — > T(A). So, for all g G G, x G M and £ G q there are g G G and £ G such that 

p(g)=g and (I~p)(£) = £. 

Here, e is the identity element of G. Therefore, using the first step 

^(Ad§^)(x)) = m(Mx))- 

Finally, since (T~p) (Acj|L £) = Ad^_^, then we obtain Q5JH) . □ 

As we previously claimed, from an action of G on A by complete lifts, we can define an affinc 
action of TG on A as it is described in the following theorem. 

Theorem 3.5. Let $:GxA->i be an action of the connected Lie group G by complete lifts 
on the Lie algebroid A with respect to ijj : q — > T(A). Then, 

(3.9) 4> T :(Gxq)xA^A, $ T (( ff , £), a x ) = $ g (a x + t/(£)(x)) 

defines an affine action of TG = G x q over A. Moreover, if (£, T?) G x g, its infinitesimal 
generator (£,t])a with respect to the action < & T is 

(3.10) (t,vu = (mr+Mv)) v - 
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Proof. Equation (|3.4p allows to prove that $ T : (G x g) x A — > A is an affine action of TG = G x g 
over A. In fact, 

<S> T ((g, • (h, rj), a x ) = <f T ((g • ft, r, + Ad^), a x ) = % h {a x ) + % h (^( V + Adf^)(x)) 
= ® T ((g,0,$ T ((h,v),a x )) 

and 

$ T ((e, S ), a x ) = $ e (a x ) + $ e (ip(O g )(x)) = a x . 

Moreover, using the one-parameter subgroups defined in (|3.6[) and p.8p . one may conclude 
easily that the infinitesimal generator (£, rf)A of (£, 77) 6 g x g with respect $ T is 

□ 

Note that, under the same hypotheses as in Theorem 13.51 the action $ : G x A — > A is free 

and proper if and only if the corresponding action <f> : G X M — )■ M on M is free and proper. 

Moreover, if $ : G x A — > A is free and proper then so is $ T : TG xi->4. 

On the other hand, we recall that the space of orbits N/H of a free and proper action of a Lie 

group H on a manifold N is a quotient diffcrcntiable manifold and the canonical projection 

7r : TV — > N/H is a surjective submersion (see [T]). With this, we prove a preliminary reduction 

result. 

Theorem 3.6. Let (A, [•,•], p) be a Lie algebroid on M and $ : G x A — > A a free and 
proper action of a connected Lie group G on A by complete lifts with respect to the Lie algebra 
anti-morphism ip : g — > T(A). Then, A/TG is a Lie algebroid over M/G and the projection 
tt : A — > A/TG is a Lie algebroid epimorphism. 

Proof. Since that $ : G x A — >• A is an action by Lie algebroid automorphisms then A/G is a 
Lie algebroid over M/G with vector bundle projection r/G : A/G — > M/G (see [TUHH]). The 
space of sections of this vector bundle may be identified with the one of G-invariant sections 
T(A) G of A. Under this identification the bracket and the anchor map of the Lie algebroid 
structure on A/G is just 

{X, Yj A/G = {X, YJ, p A/G (X(w(x))) = T x w(p(X(x)) 

for all X, Y £ r(^4) G and x € M, where 7r : M — > M/G is the quotient projection corresponding 
to the induced action <f> : G x M — > M. 

On the other hand, using that <j> : G x M — > M is free, then we have that ip x : g — > A x , is 
injective (see Remark l3.3p . Thus, for all x € M, we have that 

dim{V'a;(0/C 69} = dimg, for all x E M. 
Therefore, since ip : g — > T(A) is a Lie algebra anti-morphism, we deduce that 

iK0)= U {^(O/fGfl} 
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is a Lie subalgebroid of A over M. Moreover, from Proposition 13.41 we have that the Lie group 
G acts by Lie algcbroid automorphisms on i/j(q). So, one may induce a Lie algcbroid structure 
on the quotient vector bundle ip(g)/G such that ip(g)/G is a Lie subalgebroid of A/G. Now, 
we will show that it is also an ideal. 

If X 6 T(A) is G-invariant then Xo(f> g = $ 9 oI, for all g e G. Thus, the flow T t (£) : A -> A of 
the vector field (4>(0) c an d the flow <pt(Q '■ M — > M of (p°V0(£) satisfy the following property 

T t (£) oI = Io <p t (£), for all t e K. 

Equivalcntly, 

XoT t (0*=X 

where T t (£)* is the dual morphism of T 4 (£) : A — !> A and X is the linear function associated 
with the section X. 
Therefore, we have that 

± (xoT t (on = o. 

at\t=o 

Since T t (£)* is the flow of the vector field tp(^)* c , the previous equation is equivalent to the 
relation 

(3.11) bP(0,XJ =0, for all £ eg. 

On the other hand, let Y be a G-invariant section of ip(g) and {^} a basis of g. Then, 

Y=Y,Y i mi 

with Y % real functions on A. Moreover, using Proposition ^. 41 and the fact that ip x is injective, 
we have that 

(3.12) Y* o ^ g = (Ad G ))(g)Y\ 
where Ad G ^ = (Ad G )l(g)^. Hence, from (f3~TTj) . 

[i,y] = ^/»(x)(r)^te). 

Now, using that X and Y are G-invariant sections, we obtain that \X, Y\ is a G-invariant section 
and, as a consequence, \X, Y\ is a G-invariant section of the vector bundle ip(s) — > M. Thus, 
tp(g)/G is indeed an ideal of A/G of constant rank (since the action $ is free) and therefore, 
the quotient vector bundle (A/G)/ (tp(g)/G) admits a Lie algebroid structure over M/G. 

Finally, we have that this vector bundle is isomorphic to A/TG and, thus, a Lie algebroid 
structure on A/TG is induced in such a way that this isomorphism is a Lie algebroid iso- 
morphism. In fact, using (|3.4[) . one may prove that $ induces a free and proper action 
$:Gx A/ip(o) —5- A/ip(g) on A/ip(g) such that the projection : A — > A/ip(o) is equivariant, 
with respect to the action <!> T and $. So, $i induces a smooth map \Pi : A/TG — > (A/ip(g)) / G. 
Moreover, one easily proves that is a one-to-one correspondence. On the other hand, the 
map 

* 2 : (A/^(q))/G -+ (A/G)/(i>(g)/G), [^(a)] -»• * 3 ([a]) 
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is bijective, where if? 2 : A/G — > (A/G)/ (i/j(q)/G) is the corresponding quotient map. Conse- 
quently the reduced vector bundle A/TG — > M/G is isomorphic to the vector bundles 

(3.13) (A/ip(g))/G^>M/G and (A/G)/(tp(g)/G) M/G 

Note that, using the above isomorphisms, the space of sections of the vector bundle A/TG — > 
M/G may be identified with the quotient space 

r(^) G /r^( )) G 

where T(A) G (respectively, T(ip(g)) G ) is the space of G-invariant sections on A (respectively, 
-0(g)). Under this identification the Lie algebroid structure ([■, -Ja/tgi Pa/tg) 011 A/TG is 
characterized by 

1[X],[Y]} A/TG = [IX,Y]], 

(3.14) 

Pa/tg([X}) o tt = Tit o p(X), for X, Y e T(A) . 
This implies that the canonical projection n : A — > A/TG is a Lie algebroid epimorphism. 

□ 

Examples 3.7. (i) In the case when A = TM and $ = T<fr is the tangent lift of the action 
4> : G X M — > M, the reduced Lie algebroid TM/TG from the previous theorem is isomorphic 
to T(M/G) with its standard Lie algebroid structure. 

(ii) For the case A — g x TM from (ii) in Examples 13.21 we obtain that the reduced Lie 
algebroid (g x TM)/TG with respect to the action $ T : (G x g) x (g x TM) ^gx TM given 
by 

* T ((ff, = (^(£-6,T*<^ + £ M (z))) 

can be identified with the Atiyah Lie algebroid TM/G induced by the principal bundle 7r : 
M -4 M/G. 

We recall the construction of this last Lie algebroid. Firstly, we denote by r : TM — s> M 
the projection of TM on M which is equivariant with respect to the tangent lift action Tip : 
G x TM -> TM and cf> : G x M —> M. The sections of the induced vector bundle r/G : 
TM/G —?• M/G can be identified with the G-invariant vector fields on M. Moreover, the set 
of G-invariant vector fields is closed with respect to the Lie bracket of vector fields. Using this 
fact, one can define the Lie algebroid structure ([•, -\tm/Gi Ptm/g) 011 TM/G by 

\X,Y\ TM/G = [X,Y], Ptm/g(X(x)) = T x ir(X(x)), 

for X, Y G-invariant vector fields of M and x S M. The corresponding Lie algebroid is known 
as Atiyah Lie algebroid (see [13p. 

Now, we have the following vector bundle epimorphism 

(3.15) F:(gxTM)/TG^TM/G, F([(f, v x )] TG ) = [v x + £m]g- 

Note that F is well-defined. Indeed, for all £, £ £ g, g £ G and £ T^M one has that 

F([Adf(^ ~ 0,T x ^ g (v x + Cm(x))]tg) = [TA g (v x +{ M (x)) + (Adg(£ - 0)m(M^))]g 

= [T x <f>g(v x + £m(x)) + T x (f> g {^ M {x) - £m(x))]g 
= [v x + €m(x)]g- 
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Moreover, since 



(3.16) 



[{S,,Vx)]tg = [(0,v x +£,m(x))}tg, for all v x € T X M and £ G 0, 



we deduce that f is a vector bundle isomorphism. 

On the other hand, using (|3.16|) . we obtain that if {X{\ is a local basis of G-invariant vector 
fields on M then {[(0,X;)]tg} is a local base of T((g x TM)/TG). This fact allows to prove 
that F is a Lie algebroid isomorphism. 

3.2. Reduction of Symplectic Lie algebroids. A Lie algebroid (A, [•, -J,p) on the manifold 
M is symplectic-like if there is a nondegenerate 2-section £1 G r(A 2 vl*) on A* which is closed, 
i.e. d^O = 0. In such a case, for each function / : M — > R on M, we have the Hamiltonian 
section on ^4 which is characterized by 

The base space M of a symplectic-like Lie algebroid A is a Poisson manifold, where the Poisson 
bracket on M is given by 



(see rrjuurre]). 

Note that if / G C°°(M) then the Hamiltonian vector field of / with respect to the Poisson 
structure on M is p(Hf). Thus, the solutions of Hamilton's equations for / are the integral 
curves of the vector field p(Hj). 

Now, in the rest of this section, we suppose that (A, [•, •], p, f2) is a symplectic-like Lie algebroid 
over M, that <& : G x A — > A is an action of a connected Lie group G on A by complete lifts with 
respect to the Lie algebra anti-morphism ip : q — > T(A) and that J : M —y g* is an equivariant 
smooth map, i.e., 



The action <E> is said to be a Hamiltonian action with momentum map J : M —y g* if 



(3.17) 



{/,<?} = pM(/) f,gzC°°<M). 



Coadf 



(J{x)) = J((p g (x)), Mx&M, V.geG. 



(3.18) 



3>*(Q) = O and i^(f)fi = d A ^, for all g g G and £ G g, 



where is the real function on M given by 



(3.19) 



J e (x) = J(x)(0, for x G M. 



Note that the previous condition implies that 



(3.20) 



'</>(«) 



O = 0. 




Then wc have 



Lemma 3.8. The map J T : A — > g* x g* is equivariant for the action $ T : TG x A — >• A. 
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Proof. Let G G x g = TG and a G A„. Since J is equivariant, we have that 

(3.22) T x J{p(${£){x))) = coadf (J(x)), for £ G and x G M. 

Moreover, using that $ s is a Lie algcbroid morphism over <^> g and that J is equivariant, we 
obtain 

(3.23) T J o p o $ 3 = T J o 7> g o p = Coad G g oTJop. 
As a consequence, from (|3.3[) . (|3.21|) . (|3.22[) and (|3.23l) . we have that 

C adf s G e) (J T (a)) = Coadf g %(TJ(p(a)),J(T(a))) 

= (Coadf (T J o p(a)) + Coadf (coadf J (t (a))), Coadf (J(r(o)))) 
= (Cmd^(TJop(a)) + Coac^(coacl^J(T{a))),J(<l>g(T(a)))) 
= {{TJ o p)($„(o))) + (TJ o p)(* fl (i&(0(r(o)))), J(r($f ff , e) (a)))) 
= ((rjop)($^( fl )),J(r($^(a)))) 

Hence J T is equivariant with respect to $ T . □ 

Proposition 3.9. Let (A, [•, •], p, f2) &e a symplectic-like Lie algebroid over M, & : G x A ^ A 
a Hamiltonian action of a connected Lie group G on A with Lie algebra anti- morphism ip : Q —} 
T(A) and equivariant momentum map J : M — > g*. Let p G g* be a regular value of J such 
that T x Jop: A x — > T^q* has constant rank for all x G J~ 1 (p). Then, 

(i) (J T ) _1 (0,/^) is a Lie subalgebroid of A over J^ 1 (p). 

(ii) The restriction ip^ : g^ — > T(A) of ip to the isotropy algebra g^ of p with respect to the 
coadjoint action takes values in T(( J T ) _1 (0, p)). 

(hi) The isotropy Lie group G M of p with respect to the coadjoint action acts on ( J T )~ 1 (0, p) 

by complete lifts with respect to ip^ : g^ — > L(( J T ) _1 (0, p)). 
(iv) The action of G^ on the Lie subalgebroid (J T ) _1 (0, p) induces an affine action : 

TG^ x (J T )~ 1 (0, 0) — > (J T )~ 1 (0, 0). 

Proof, (i) Note that since p is a regular value of J, J~ 1 (p) is a regular submanifold of M. In 
fact, (0, p) is a regular value for J T : A g* x g* = Tg*. Thus, using that T X J o p x : A x ^ T M g* 
has constant rank for all a; G J^ 1 (p), we deduce that 

(J 7 )- 1 ^) = {a G A/TJ(j>(a)) = 0, J(r(a)) = /x} 

is a vector subbundle of A on J^ 1 (p) of rank n — dim G, where n = rank A. On the other hand, 
from p.21j) we have that J T is a Lie algebroid morphism then it is straightforward to see that 
the restriction ti(jt)-i( 0i/1 ) : (J T ) _1 (0, p) — > J^ 1 (p) of r : A — ► M to (J T ) _1 (0, zx) is a Lie 
subalgebroid of (A, [•, -J, p). 

(ii) If x G J^ 1 (p) and 

? £ 9(i = I 1 ) £ gj coadf p = 0} 
then, since J is an equivariant map, we have that 

T x J( Px (^)(x))) = T x J(£ M {x)) = coadf {p) = 0. 
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Thus, the restriction of ?/>(£) to J J (/x) is a section of the vector bundle (J T ) 1 (0, p) J 1 (p). 

(iii) Using the cquivariance of J and the fact that $ g is a Lie algcbroid automorphism, for any 
g G G we have that the action $:Gx4->4 induces an action $ M of G M on ( J T )~ 1 (0, p). In 
fact, if g £ Gp, a G ( J T )~ 1 (Q, p) and x G J~ x (p), then 

J((f) g (x)) = Coadf(J(x)) = Coadfp = p 

and 

(TJop)(<f> g (a)) = r(Jo^)(p(o))=T(Cood°oJ)(p(o))=0. 

Moreover, from (ii), we have that 3"^ is an action by complete lifts with respect to the Lie 
algebra anti-morphism i/j^. 

(iv) It is a direct consequence of (iii) and Theorem 13.51 □ 

Let p G g* be a regular value of J : M — > g* such that T x Jop x : A x —> T^q* has constant rank 
for all x G J _1 (/i). Suppose that the corresponding action </> M : G IJ ,xJ^ 1 (p) — ► J^ 1 (li) is free and 
proper. Then, using Theorem E21and Proposition [331 we obtain that = (J T )~ 1 (0, p)/TG^ 
is a Lie algebroid over J~ 1 (p)/G il . In the following result, we will prove that is a symplectic- 
like Lie algebroid. For this purpose, we will need the following properties. 

Lemma 3.10. Let (A, [•,•], p, CI) be a symplectic-like Lie algebroid over the manifold M and 
$ : G x A — > A a Hamiltonian action of a connected Lie group G on A with equivariant 
momentum map J : M — > q* and associated Lie algebra anti-morphism ip : g — > T(A). If 
p G Q* , then for any x G M , 

(i) (VvJzU/i) = V'xCfl) n ker(T x J o p x ) 

(ii) ker(T x J o p x ) = (^(g)) 1 - = {a x G A x /Cl x (a x , b x ) = 0,V6 X G tp x (o)}- 

Proof, (i) It is an immediate consequence of the fact that J is equivariant. 
(ii) If a x G A x , using (|2.3[) and (|3.19[) , we deduce that 

fl(a x ,ip(0(x)) = -(V(0 n )(°») = -(^J?)(ax) = -(T x J(p a (a x )))(e), 
for all £ G g. Thus, one concludes immediately (ii) from this relation. □ 

The following result may be seen as the analogous of Marsdcn-Wcinstcin reduction Theorem 
for symplectic-like Lie algebroids. 

Theorem 3.11. Reduction Theorem of symplectic-like Lie algebroids Let (A, [■, ■], p, CI) 

be a symplectic-like Lie algebroid and $ : G x A —> A a Hamiltonian action of a connected 
Lie group G on A with equivariant momentum map J : M — > g* and associated Lie algebra 
anti-morphism tjj : g — > T(A). Suppose that p G g* is a regular value of J : M —¥ Q* such 
that T X J o p x : A x — > T^g* has constant rank for all x G J~ l (p) and the restricted action 
: G> x J^ 1 (p) — > J^ 1 (p) is free and proper. Then A^ = (J T ) _1 (0, p)/TG^ is a symplectic- 
like Lie algebroid over J~ 1 (p)/G fJ _ with symplectic-like section Cl^ characterized by the condition 

^=1^1, 

where tt^ : (J T )~ 1 (0, p) — > A^ is the canonical projection andT^ : (J T ) _1 (0, p) — > A is the 
canonical inclusion. 
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Proof. Since is a Lie algebroid over J _1 (^)/G M then one needs to prove that this algebroid 
is symplectic-likc. 

Let f2 M = *Z*fi be the 2-cocycle on the Lie subalgebroid (J T ) _1 (0, /i) — > J _1 (^) induced by f2. 
We will prove that f2 M induces a symplectic-like 2-section over A^. 

Suppose that A^Y^ E T(A fl ). Then, we may choose two sections A^Y^ e L(( J T )~ 1 (0, //)) 
such that the following diagram is commutative 



j- x (m)/g p 



A^i, Y M 



A,. 



We will see that f2 At (X Al , Y^) is a G^-invariant function (or, equivalently, a 7r M -basic function). 
Denote by ([■, •Ijjrj-i^, /0(jx)-i (0iJl( )) the Lie algebroid structure on (J T )~ 1 (0,^i) -> J _1 (^). 
As we know, the vertical bundle of 7r p is generated by the vector fields on J~ 1 (/^) of the form 

P(J2-)-i(o )M )(^m(0)> with £ e Am- 
Now, we have that 

(^-^(^(^(rU*^ 

+^AV[Vv(£),^J(J-)-(o,m))- 
On the other hand, using that X^ and Y M are G^-invariant, we deduce that 

[^m(£)>-*tJ(J t )- 1 (o,m) = [^(0 ) ?p1(./ t )- 1 (o.p) = 
(see (|3.11[) ). In addition, from (|3.20l) . it follows that 

Vv(€) M 

which implies that 

Thus, for all A^, Y M S r(.A M ) there is a function Cl^X^, Y^) on J~ 1 (/i)/G, I such that 

0^,^)0^=0^,^). 

Note that the function fi^AT^, Y M ) does not depend on the choosen sections X^, Y M G L(( J T )~ 1 (0, //)) 
which project on A" M and Y^, respectively. In fact, from Lemma |3. 101 we have that 

ker(f^(x)) = (ker5f M ) |(i/T) -i (0ju) = (^ M )x(fl /1 ) for all x € J -1 (m)- 
Therefore, the map 

r(A„) x r(A„) -> G°°(j- 1 (/i)/G M ), (x M ,y„) h. n M (x M ,y„) 

defines a section f2 M of the vector bundle A 2 A* — !> J _1 (/i)/G M and it is clear that 
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This implies that 

and, since 7r M : (J T ) -1 (0, /i) — > = ( J T )~ 1 (0, p^/TG^ is an epimorphism of vector bundles, 
we conclude that d A < i Q IJ , = 0. 

Finally, we will prove that fi^ is non-degenerate. In fact, if x 6 J _1 (/i) and v x G ker(T x J o p x ) 
is such that 

^{^(x)){^(v x ),U„ h{x ))) = 0, Vm I(i(i) 6 (^^(x) 

then 

fi(a;)(t; x , Uj;) = for all G kcr(T x J o p x ). 
Consequently (see Lemma 13.1011 

v x G (kcr(T x J o px)) 1 - = tp x (g) 

and thus, 

Vx € (ipn)x(8») 

which implies that TTfj,(v x ) = 0. 

□ 

Remark 3.12. In the particular case when M is a symplectic manifold and A is the standard 
symplectic-like Lie algebroid TM —> M then Theorem 13.111 reproduces the classical Marsden- 
Weinstein reduction result for the symplectic manifold M. 

Since A^ — > J~ 1 (p)/G^ is a symplectic-like Lie algebroid, the base space J~ 1 (p)/G fl is a 
Poisson manifold. In fact, we will prove that J~ 1 (^)/G At is the reduced Poisson manifold 
(M, {•,•}) obtained from the reduction process of Marsden-Ratiu |19j . 

Theorem 3.13. Under the hypotheses of Theorem \ 3.11[ if {-,-}^ is the Poisson bracket on 
J~ 1 (p)/G fJ _, we have that 

(3-24) {/,slo^ = {/,9}°V 

for /,j 6 C 00 (J~ 1 (p)/G IJl ), where i^ : J~ 1 (p) — > M is the canonical inclusion and f,g G 
C°°(M) are arbitrary G -invariant extensions offon^ and g o n^, respectively. 

Proof. From Theorem 13. Ill we deduce that (A^, [•, -jU , , is a symplectic-like Lie alge- 
broid on J _1 (/i)/G M . Then one can define a Poisson structure on J _1 (/i)/G /i as in p,17[) . We 
will prove that the associated Poisson bracket {• -} M satisfies p.24[) . 

If f,g : J- 1 (p)/G f _ l K arc two real functions on J- 1 (p)/G^ l and / : M -> R, 5 : A/ -> K 
are arbitrary G- invariant extensions of / o ^ and g o it^, respectively, for any f G g satisfying 
p(V>(0)(/) = - 0, we have that 

d A mo) = d A gm)) = 0, 

or, equivalently, 

n(«5?,^(0) = n(H" ^(O) = o. 

Therefore, H^(x),H^(x) G ^(fl)" 1 = (^ T )^ 1 (0, /"), for all x G J _1 (m)- 
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On the other hand, ifx £ J~ 1 (a) and a x £ (J r )~ 1 (0,/x) then, using Theorem |3~TT1 the fact that 
(jTfj, , 7r^ ) is a Lie algebroid epimorphism and that (J T )~ 1 (0,^) — > J~ 1 (p) is a Lie subalgcbroid 
of A, one deduces that 

n M (7r M (W5?(x)),7r„(o x ))) = n(W9(x),a s ) = (d A /)M 

= (^" I (°'^(7o7r /i ))(a x ) - (d A */)M«»)) 

So, since f2 M is non-degenerate 

Thus, using again that (7?^, 7r^) is an epimorphism of Lie algebroids, we conclude that 

T x n f i(P(jT)-i(p, IJ ,)('H'f(x)) = PA^Ufi^^x))), \/x £ J~ l {p). 
Therefore, if a: € J~ 1 (p) 

{f,g}Mx)) = -iPAMf^MW 

= -(T x n M ( P(J Tyi M (H${?))))g 

= -(P(jr)-1( , M )(^(X)))(5 O 7I>) 

= -(p(^(x)) ff ={/, fl }(x). 

□ 

4. The canonical cover of a fiberwise linear Poisson structure 

A standard example of a symplectic manifold is the cotangent bundle T*M of a manifold M 
with its canonical symplectic structure. In the setting of Lie algebroids, the tangent bundle 
7T T »m : T(T*M) -> T*M of T*M is a symplcctic-like Lie algebroid. This symplectic-likc Lie 
algebroid may be considered as the canonical cover of the canonical symplectic structure on 
T*M. In fact, it is a particular case of a type of symplectic-like Lie algebroids, the prolongation 
of a Lie algebroid A on its dual A* in the terminology of |13| , which may be considered as the 
canonical cover of the fiberwise linear Poisson structure of A* . 

In this section we will describe this last canonical cover and will prove that if a Lie group G acts 
freely and properly on A by complete lifts then one may introduce an equivariant momentum 
map with respect to a certain canonical action by complete lifts on its canonical cover. 

The vector bundle T A A* — > A* . Let (A, [•,•], p) be a Lie algebroid of rank n over a manifold 
M of dimension m with r : A — > M the associated vector bundle projection and let F : M' — > M 
be a smooth map from a manifold M' to M. If x' £ M', we consider the vector subspace 

(T A M') X > = {(a,v) £ A F(xl] x T x ,M'/p(a) = T x ,F(v)} 

of Api x i\ xT x rM' of dimension n+m' — dim(p(A F ^ x i' ) )+T x r F (T x ' M')) , where m! is the dimension 
of M' . If we suppose that dixa(p(Ap^ x r\) +T X /F(T X /M')) is constant over F(M') (for instance, 
if F is a submersion) then T A M' is a vector bundle over M' which is called the prolongation 
of A over F (see [3 [13]). In this case, a section X of T A M' — > M' is said to be projectable if 
there exist a section X of A and a vector field V on M', F-projectable over p(X), satisfying 

Z(m') = (X(F(m')),V(m')), for all m' £ M' . 
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The section Z will be denoted by Z = (X, V). Note that one may choose a local basis {Zj} of 
T(T A A*) such that, for all /, Zj is a projectable section. 

On the other hand, a section 7 of the dual vector bundle (T A M')* — > M' is said to be projectable 
if there exist a section a of A* and a 1-form j3 of M' such that 

7(X, V) = a(X) oF + P(V), for (X, V) a projectable section of T A M'. 

In such a case we will use 7 = (a, (3). Note that one may choose a local basis {Z 1 } of T((T A A*)*) 
such that, for all I, Z 1 is a projectable section. 

A particular case is when the function F is the dual bundle projection t* : A* — > M of the Lie 
algebroid A. Then the prolongation t t a a , : T A A* — > A* of A over r* : A* -> M is called the 
A-tangent bundle of A* . In such a case, dim(p(A x ) + T a:c T*(T a:i .A*)) is just the dimension of 
M, for all a x G A*, and the rank of T A A* is 2n. 
A basis of local sections of the vector bundle tj-a a * 

. jA A * _^ A * ig defined as follows. If (x f ) 
are local coordinates on an open subset J7 of M, {ej} is a basis of sections of the vector bundle 
t _1 (U) — > t/ and j//) are the corresponding local coordinates on A* then {Xj, y 1 } is a local 
basis of r(T A ^*), where Xj and ^ 7 are the projectable sections defined by 

(4.25) Xl = {e It A±), / = (0,i 



T/ie symplectic-like Lie algebroid structure on T A A* -> A* . The vector bundle T A ^4* 
admits a Lie algebroid structure -1-j- a a* 7 Pt a a*) which is characterized by the following 
conditions 

[{x,v),(x',v , )lT*A' = (.[x,Y] > \y,v% Pt a a ,(x,v) = v, 

for (X, V), (X', V) projectable sections of T A A*. 

If cP~ A is the differential associated with this Lie algebroid structure, then 

U26) d TAA 'f{X u V x ) = df{V,) 

d TAA '(a : mXi,V 1 ),(X 2 ,V 2 )) = d A a(X l ,X 2 )o n + dp(V 1 ,V 2 ) 

where / : A* ->• R is a smooth function, (a,/?) e T((T A A*)*) and {X, h V t ) 6 L(T A ^*) are 
projectable sections of (T A A*)* and 7" A ^4*, respectively. 

The canonical section Xa of the dual bundle to T A A* (which is called the Liouville section 
associated with the Lie algebroid A) may be defined as follows 

(4.27) \A(a,v a ) = a(a), for a £ A* and (a,v a ) € T A A*. 

The section n A of A 2 (T A A*)* -> A* given by 

n A = -d r ' AA 'x A 

is nondegenerate and A fl A = 0. Thus, fl A is a symplectic-like section of the Lie algebroid 
T A* — > A* which is called the canonical symplectic-like section associated with the Lie alge- 
broid A. The Poisson structure on the base space A* induced by this symplectic-like section 
is just the linear Poisson structure on A* associated with the Lie algebroid A (see [13). For 
this reason, T A A* may be considered as the canonical cover of the fiberwise linear Poisson 
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structure on A* . If {Xi, y 1 } is the local basis of sections of T A A* described in (j4.25[) . the local 
expressions of and Qa are 

X A = VI X 1 , Q A = X 1 A yj + \cfjVKX 1 A X J 

where {X 1 ,3^} is the dual basis of {Xi^ 1 } and Cfj are the local structure functions of the 
bracket [•, •] (for more details, see [T3]). 

Examples 4.1. (i) Note that if A is the standard Lie algebroid TM then the symplectic-like 
Lie algebroid T A A* — > A* may be identified with the standard Lie algebroid T(T*M) — > T*M 
and, under this identification, Ha is the canonical symplectic £Im structure of T*M. 

(ii) For the case A = g x TM from (ii) in Examples 13.21 we have that T A A* — > A* can be 
identified with T 3 Q* © T™(T*M) -> g* x T*M, i.e. 

(fl x Tg*) © T{T*M) -> g* x T*Af. 

Under this identification, the symplectic-like structure figxTA/ on 7~8xtm^* x j<*m) j s j us t 
fig © fijvfj where J7m is the standard symplectic 2-form on T*M and fi g is the symplectic-like 
structure on g x Tg* — > g* characterized by 

(fioW& (£', V)) = »/(0 - rtO + MC a, 

for all ?7o, rj, n' G g* and £, £' 6 g*. 

TTie action of a Lie group G on T A* — > ^4* by complete lifts. Now, suppose that 
$ : G x ^4 — > A is a free and proper action of a connected Lie group G by complete lifts with 
respect to the Lie algebra anti-morphism ip : g T(A). Denote by </> : G x M — > M the 
corresponding action on M and by <&* : G x A* — > ^4* the left dual action on A*. In what 
follows, we will describe a free and proper canonical action by complete lifts on T A A* induced 
by $. 

Proposition 4.2. Let $ : G x A — > A 6e a free and proper action of a connected Lie group G 
on the Lie algebroid A by complete lifts with respect to ip : g — > T(A). Then the map ($,T$*) : 
G x T A A* -)• T 4 ^* gwen &y 

(4.28) {$,T$*)(g,(a x ,v^)) = ($ g (a x ),{T ax $* g ){v a J), a x e A* x and (a x ,v a J G T A A* 

defines a free and proper left canonical action of G on the symplectic-like Lie algebroid T A A* 
by complete lifts with respect to the Lie algebra anti-morphism ip T : g — > T(T A A*) defined by 

(4.29) 1> T (0 = M0,U-), for ^ eg, 
where £a* is the infinitesimal generator of £ with respect to $*. 

Proof. Note that the map ($,T$*) is well-defined. In fact, since <E> is an action by complete 
lifts, then $ g : A — s- A is a Lie algebroid isomorphism, for all g € G. So, using (|2.5[) with fc = 0, 
we have that 

(4.30) p($ fl (o x )) = T x <j> g (p(a x )), for all 5 G G, x G M and a x G A x . 
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Moreover, 

(4-31) 2*. ( aa .) r* (T ax )) = Ta.WjOT,)^) = T x <?f> 9 (p(a x )), 

for all v ai e T Qx A*. Thus, from (|OD|) and (jOTj) . we deduce that 

^ (ai) T,(^$;k)) = ^ 9 K)) 

for all (oajUoa,) £ ^4* , that is, 

(4,T**)( ffl (o 1B ,« a .))Gr4 (a . ) A*. 

Obviously, ($, T$*) is a free and proper action. We will now show that this action on T A A* is 
by complete lifts. Firstly, note that the map ip T : g — > T(T A A*) is well defined. In fact, since 
p(V>(0) i s J us * the infinitesimal generator £m of £ with respect to the action <f> : G x M — » M 
and the projection t* : A* — >• M is cquivariant, we have that 

p(V(0)=rT*(eA»). foralUGfl. 

On the other hand, the infinitesimal generator £t a a* € X(7~" 4 ^4*) of ^ 6 g with respect to 
the action (<E>,T$*) is the pair (£,a, £,%*), where £4 is the infinitesimal generator of £ G g 
with respect to $ and is the complete lift of t; A * ■ Moreover, the complete lift of ip T (£,) 
with respect to the Lie algebroid T A A* is just (VKO^ £a*)- This ^ s a consequence of the fact 
that (iP(Q c ,€a*) e %{T A A*) is t-j-a a » — projectable on p-f A A- O0(Oj £a* ) = £a* and that, from 
P~2"5|) . we deduce that 

for every projectable section (a, /3) on T((T A A*)*). Here £ is the standard Lie derivative. 
Therefore, ($,T$*) is an action by complete lifts and consequently by automorphisms of Lie 
algcbroids. Finally, a direct computation, using (|4.27[) . proves that the action (<&, T<I>*) preserves 
the Liouville section A^, i-c 

{$,T<f>*)* g \ A = \ A , for all g eG. 

Thus, using (|2.5|) and the fact that ($, T$*) g is an automorphism of Lie algcbroids, we conclude 
that (<j>,T$*) g preserves the canonical symplectic-like section Q A of T A A*. □ 

The momentum map for the canonical action of G on the Lie algebroid T A A* —> A* . 
Denote by J A * : A* — > g* the map given by 

(4.32) J A .(a x )(£) = a x (i>(Z)(x)), with x G M, a x G A* x and £ G g. 

Then, we have the following result 

Proposition 4.3. The map J A * : A* — > g* is an equivariant momentum map for the Poisson 
action $* : G x A* -> A* . 

Proof. From Proposition [5TT] we have that if LT^* is the linear Poisson structure on A* and 

is the linear function associated with the section ?/>(£;) G F(A), for each £ G g, the Hamiltonian 

vector field 

ib (£) <#(£) v y 
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is just the infinitesimal generator £4. <E X(A*) of £ with respect to the action $*. Note that 
the function ( J a* )g : ^4* — ^ IR given by 

(^)f(«*) = (^A-(«»))(0 

is just tp(0- Thus, J a* is a momentum map for the Poisson action $* : G x -> 4*. 
Now, we will prove that J a* is equivariant, i.e., 

J A > ° $*„ = Coadg o J a* ■ 
Indeed, if x G M and a x G A*, then, from Proposition ^. 41 we have that 

JA*($* g (a x )){Q = ($;(oJ)(^)(^(x))) = ^(V 1 WO(^W)) 
= a x ^{Ad G g ^){x)) = J A '{a x ){Ad G g ^) 
= ((Coad G )(J A *(a x ))(0, 
for all £ G g. □ 

Now, using Lemma 13.81 we have that the map 

(4.33) Jj, : r A A* -> g* x g*, JJ, (a*, u Q J = (T a „ J A . (««.). -M"*)) 

is equivariant with respect to the action ($, T$*) T : TG x T A A* ->■ T A A*. 
From the injectivity of i/> x (see Remark |3.3|) . it follows that the restriction of J a* '■ A* — > g* to 
A J is a linear epimorphism and therefore, for all a x G A* the restriction of the tangent map 
T^Ja" ■ T ax A* — > Tj 4t ( Qx )g* = g* to T ax A* is surjective. Thus, all the elements of g* are 
regular values of J a* and 

Tci x Ja* {PT A A*) ax :T A A*^g* 
is surjective, for all a x G A*. Note that 

T Qx ^ = kcr T a r* C (p r ^.)c** (7^*). 

In conclusion if ^ G g*, then (/z) is a regular submanifold of A* and (Jj«) _1 (0, fx) is a 
Lie subalgebroid of T A A* over J7,(/z) (see Proposition I3.9[) . In fact, (jj») _1 (0, /i) is just the 
prolongation 

of the Lie algebroid A over the restriction ( T *)\(j A ,)- 1 ( fJ ,) '■ Ja*{^) ~* ^ °f r * ■ A* — > M 
to the submanifold J^l{jj). Note that J^}(n) is an affine subbundle of A* over M and that 
( T *)|j- 1 ( M ) : (A*) - ^ is the projection. 

5. The reduction of the canonical cover of a fiberwise linear Poisson 

structure 

Let (A, [•,•], p) be a Lie algebroid over the manifold M and r : A — > M the vector bundle 
projection. Suppose that $:GxA->Aisa free and proper action of a connected Lie group 
G by complete lifts with respect to the Lie algebra anti-morphism ip : g — > A. In the previous 
sections, we have shown that in this situation, we have a free and proper canonical action 
($,T$*) : G x T A A* -> T A A* of the Lie group G on the symplectic-like Lie algebroid T A A* 
by complete lifts with respect to the Lie algebra anti-morphism ip T : g — > T(T A A*) given in 
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(|4.29[) . In addition, we have an equivariant momentum map J a* ■ A* — > g* on A* with respect 
to the left Poisson action $* : G x A* -» A* of G on A*. 

If [i is an element of g* then we obtain, in a natural, way a free and proper action ($,T$*) : 
Gfj, x T A J A }{p) — > T A J A l{p) of the isotropy group of [i on the Lie algebroid T A J A l(p) by 
restriction. Now, using Theorem 13. Ill we conclude that the reduced vector bundle 

(T A A*)» = T A J A l{n)/TG, -> J^(m)/G m 

is a symplectic-like Lie algebroid with symplectic-like section f2 M characterized by 

where 7?^ : T a Ja»{p) ~> 0~ A A*) tl is the canonical projection, Z M : T A J^» 1 (/i) — > T^A* is the 
inclusion and £Ia is the standard symplectic-like structure on T A A*. 

In what follows, we will describe this reduced Lie algebroid (T A A*)^. Firstly, we will discuss 
the case /j, = 0. 

5.1. The case /.t = 0. Note that, under this assumption, the isotropy group G^ is just G. 
We will prove that the reduced symplectic-like Lie algebroid (T A A*) = T A J A l{Q)/TG -> 
J A }(0)/G is the canonical cover of a fiberwise linear Poisson structure on the dual Aq of a 
certain Lie algebroid Aq over M/G. 

Description of the Lie algebroid Aq. The Lie algebroid Aq over M/G is the space of orbits A/TG 
of the affinc action of TG on A (sec Thcorcm l3.6[) . As we know (see the proof of Theorem 13. 61) . 
if 7? : A —> Aq = A/TG and n : M — > M/G are the canonical projections and ([•, -\aotPAo) is 
the Lie algebroid structure on Aq then 

(5-34) {X ,Y \ Ao OTT = ttQX.Y]), PAa (Xo) = Tir(p(X)) 

for X ,Y £ r(A ) and X,Y e satisfying 

Note that with this structure, tt : A — > Ao is an epimorphism of Lie algebroids. 
Now, we will prove that the vector bundle Aq = A/TG — > M/G is isomorphic to 

(jxHo)/gt -* m/g. 

In fact, one may easily test that the submanifold JJ.^O) is just the annihilator (tp(g))° of iP(q). 
Therefore, the restriction t° = t^j-i^ : Jj»(0) — > M of t* : A* — > M to this submanifold 
is a vector bundle over M. Moreover, a direct computation proves that this vector bundle is 
isomorphic to the dual vector bundle (A/?/»(g))* of A/tp(g) — > M. 
Therefore, using the equivalences (|3.13p . we deduce that the three vector bundles 

A a = A/TG -> M/G, (A/V>(fl))/G -> M/G, (J^(0)/G)* £* (J^(0))7G -> A//G 

are isomorphic. Thus, we may induce isomorphic Lie algebroid structures on these vector 
bundles. 

The description of the Lie algebroid isomorphism between (T a A*)q andT A ° Aq. In what follows 
we identify Aq = A/TG with (J A }{0)/G)* {J A }(0))*/G. Under this identification, we denote 



20 



JUAN CARLOS MARRERO, EDITH PADRON, AND MIGUEL RODRIGUEZ-OLMOS 



by <p : A — > (JJ»(0)/G)* the epimorphism of vector bundles corresponding to the quotient 
projection A -> A/TG. 

Let us consider the following epimorphism of vector bundles over ttq : J~[ m (0) — > Ajj = JJ«(0)/G 

(5.35) p T : T A J A }{0) -> T A M*, (a^J ^ (<p(a x ),T ax ir {v a J). 

Note that, using (|5.34j) and the fact that t% o ttq = it o r°, we have that </? T is well-defined. Here 
5J : J^(0)/G -> M/G is the dual vector bundle of (J^(0)/G)* -»• M/G. 
Now, since that ^ : A — 5- ^4o is a Lie algcbroid epimorphism, then </? T is also a Lie algcbroid 
epimorphism. Furthermore, it is easy to prove, using that ip is TG-invariant, that ip T is TG- 
invariant with respect to the action ($,T4>*) T of TG restricted to T A J A l{Q). In fact, 

<p T (($,T$*)f gt0 (a x ,v a J) = &($ g (a x )) + <p(^(m)),T ax n (T x <i> g (v ax + &.))) 

= (^(a x ),T Qx 7r (u Qx )) = tp T (a x ,v olm ) 

for all G G x g = TG and {a x ,v a J G 7^ J^(0). Note that 

VMO)=P(*(e,0(O))=O. 

Thus, we have the following Lie algebroid epimorphism between (T A ^4*)o and T a °Aq over 
the identity of 



(ru*)„ 



(5.36) 



r A °A* 




r A oA- 



In fact, 

(5.37) <p T [(a x ,v a J] = (v(a x ),(T ax n )(v a J), for (a x ,v a J G T A J A l{0). 
Finally, we will prove that (p T is an isomorphism, that is, <p T is injective. 

If (e x ,v ax ) G ker<p T then e x G ker^ = tp x (g) and w ax is a vertical vector with respect to 
7Tq : (Ja») _1 (°) ( J A-)~ 1 (0)/G. Then, there are G such that 

= ^(0 and u Qx = £' A *(a x ). 

Then, 

Cm (») = p(e a ) = T ax T°(u Qx ) = f M (x) 
and, since <j) : G x M —> M is a free action, we conclude that £ = Therefore, 

(ex,«a.) = foM0,&.(ax)) = ($,T$*) T (( e , 0,(0,0)) 
where e is the identity element of G. Thus, <^ T is injective. 

The Lie algebroid isomorphism between (T a A*)q and T A ° A$ is canonical. We will see that (p T 
is canonical, i.e. 

(5.38) (<P T yn Ao = O , 
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where flo is the reduced symplectic-like structure on (T A A*)$ given in Theorem 13.111 and £Ia 
is the canonical symplectic-like structure on T a °Aq. 

From (|4.27[) . (|5.35[l and the definition of the morphism ip : A —> Aq, we obtain that 

(ip T )*X Ao =^A j4 

where Xa (respectively, Xa) is the Liouville section of Aq — > M/G (respectively, of A — > M) 
and T : T A Ja»(®) ~^ T A A* is the inclusion. 

Thus, since tp T and Tq are Lie algebroid morphisms, we obtain that 

( v T yn Ao =r n A . 

On the other hand, if ttq : T A J j ^» 1 (0) — > (T a A*)q is the canonical projection, it is clear that 
(p T ottq — ip T which implies that 

and, therefore, 

(5.39) {<fyn Aa = n . 

In the following theorem we summarize the results obtained in the case /i = 0. 

Theorem 5.1. Let (A, [•, •], p) be a Lie algebroid on the manifold M and $ : G x A — > A a free 
and proper action of a connected Lie group by complete lifts. Then, the reduced symplectic-like 
Lie algebroid 

(T A A*)o = (T A J A }(0))/TG -+ J A }(0)/G 
is canonically isomorphic to the Lie algebroid T a °Aq, equipped with the standard symplectic-like 
structure, where the Lie algebroid Aq is the vector bundle 

A Q = A/TG -> M/G 

endowed with the quotient Lie algebroid structure characterized by \5.34\ ). 

5.2. The case G M = G. Suppose that the assumptions of Theorem 15.11 hold. Additionally, 
we consider a principal G-connection A : TAI — > q for the corresponding principal bundle 
7r : M — > M/G. In such a case we have a vector bundle morphism A A : A — > g given by 

A A {a x ) = A(p x (a x )), Va x e A x , 

which satisfies the following properties: 

(i) A is equivariant with respect to $ : G x A — > A and the adjoint action, that is, 

A A ($ g (a x )) - Adf(A A (a x )), Va x e A x , 

(ii) A A {i>(£)(x)) = C, for alU e fl and x E M. 

Note that if ir : M — > Mj G is the quotient projection then we have 

TQ = Vtt © H and A = ^(g) © H A , 

where Vn is the vertical bundle of ir and H (respectively, H) is the vector bundle on M whose 
fiber at x G M is the vector space 

H A = {a x e A x /A A (a x ) = 0} (respectively, H x = {v x E T X M/A(v x ) = 0}). 
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Moreover, H and H are G-invariant vector bundles, that is, 

Km = and H *.V) = T MR*)> v -9 e G. 

Now, if /i 6 g*, we consider the section a M of A* given by 

an{a x ) = n{A A {a x )), 
with x € M and a x £ A x . This section has the following properties: 

(i) a M (Af) C J A }(fx). In fact, 

for all iGl/ and (6g. 

(ii) ^gQ^/j = ctcoad G fj,i f° r an .9 G G, which is a consequence from the equivariance properties 
of A A . 

Thus, since G^ = G then we deduce that a M is G-invariant, i.e. 

(5.40) = a„. 

So, in what follows we assume that there is a G-invariant 1-section a M S of A* with values 

in J^}(fi). Using (|5.40p . Proposition 12 . 21 and the fact that the flow of V'CO is {&exp(t£)}teR, we 
obtain that 

(5.41) C A { ^ = 0. 
On the other hand, 

V(0"/x = mO^MO) = /•*(£)■ 

Then 

(5.42) = <C£ (0 a„ = tv , (c) d A a A1 . 

Denote by /3 M = d A a^. From (|5.40[) and since $ s : A — >• A is a Lie algebroid morphism we 
deduce that the 2-section /3 M of A* is G-invariant. Moreover, it satisfies i^^P^ = which 
implies that 

for all ( 5 ,C) £ G x g = TG. 

Therefore, there exists a unique £ L(A 2 Aq) with the following property: 

(5.43) n*B fi = /3 li = d A a fl , 

where tt : A —> An is the corresponding projection. It is clear that d j4 °i? Al = 0. 

The 2-section of Aq is said to be the magnetic term associated with a^. 

Now, we will prove that there is a Lie algebroid isomorphism, T a : (T A A*) fl — > T A ° Aq between 

the reduced Lie algebroid (T A A*) lJL and T a °Aq such that the symplectic-like section Qa on 

T a "Aq and the reduced symplectic-like section f2 M on {T A A*)^ are related by the following 

formula 

where pr% : T a °Aq — > A is the Lie algebroid morphism induced by the first projection. 
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The description of the Lie algebroid isomorphism T Q(j : (T A A*)^ — > T a °Aq. Firstly, we will 
describe a Lie algebroid morphism between the reduced spaces {T A A*)^ and (T a A*)q. Then, 
we may use Theorem 15. II in order to construct the isomorphism T Qjj . 

Using the fact that a ll (M) C J A }(p), we deduce that J A }(fi) — >• M is an afhne bundle on M 
such that 

J£(j*) n A* x = {p x e A*Jp x - a M (x) e J^(0)} 

for all x G A/. 

Now, we consider the afhne bundle isomorphism 

Sh u , 

J A }(0) 



J* (ft) 




where shp(/3 x ) = f) x — otp(x), for all j3 x G J A }(fi) n A*. 

From the G-invariancc of a„, we deduce that s/i M is equivariant with respect to the action 
f * : G x i* 4 A*, i.e. 

( S ^o^)(^) = (^o S / l/1 )(/3 a; ), 
for all (3 X G A* n J A l{p) and g & G. Moreover, one may induce a morphism of vector bundles 

r A sh^ 



t a jiI^)- 



■r A J^(o) 



— -^(0) 

where T A sh tl (a x ,Xp :c ) = (dxjTp^sh^X^)), with (a,,I & ) G T A J A }{p). Note that, since 

r *|^, I (0) os/l M= T -*|j-, 1 W 

then T A sh ll is well-defined. Furthermore, a direct proof shows that T A sh ll is an isomorphism 
of vector bundles. In fact, one can easily see that T A sh^ is a Lie algebroid isomorphism, taking 
into account that 

T A sh^\X,Y\, [U, V]) = (lX,Yj, [Tsh, t o U o sh-\Tsh^ o V o sh' 1 }) o 

for all 1,7 £ r(A) and U,V £ X{J A l{pb)) which are (r*)i j-i^-projectable on p(X) and p(Y), 
respectively. 

Moreover, since s/i M is equivariant, we deduce that T A sh fl is equivariant with respect to the 
action (<£>,T<I>*) T of G restricted to T A J A *{p) and T A J A }(0), respectively. 
Thus, one induces a Lie algebroid isomorphism 



;so 
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(T A J^(H))/TG 



jxH»)/G 



(T A J A }(0))/TG 



sh„ 



T T A J~l(0) 



J A 1(0)/G 



Finally, the isomorphism T a : {T A*)^ — > T °Aq is dchncd as follows 

= <^ T o T A sh fl 

where (p T : (T A A*)o — > T a °Aq is the Lie algebroid isomorphism defined by (|5.37[) . 

Relation between the symplectic-like structures on (T A A*) fl and T a °Aq. Let X A be the 
Liouville section on T A A* and l : T a (Ja*) _1 (0) -> T A A* (respectively, ^ : T a (Ja*) _1 (m) -> 
-y-A^* De corresponding inclusion. Then, 

((T A s/i M )*(^AA))(a K ,^ :c ) = (t*A^)(a x , -X>J - 07,(0*), 
for all p x G J^/i) and (a^A^J G T^J^ifi). 

On the other hand, if : 7" J7. (0) — s- A is the Lie algebroid morphism induced by the first 
projection, we have that 

((jar° o 7 -A s/i A1 )*a Al )(a 2; ,X ( 3 !c ) = Q M (a x ). 

This implies that 

(T A sh„y(i*\ A + (pr 1 )*a ti ) = L;\ A 
and thus, from Theorem 13. Ill we deduce that 

(5.44) (r A sh^r(n*n - (pr?)%) = i^, 

where O (respectively, f2 M ) is the symplectic-like structure on (T A J A }(0))/TG (respectively, 
{T A J A l{ti))/TG) and n : T A J A l{Q) -)• (T A J A }(0))/TG (respectively, Sr M : T A J A }{^) ->■ 
(T A J A l (n)) /TG) is the canonical projection. 
Now, using the relations 



7Tq o T A sh^ = T A sh^ o 7r M and 7r o prj o T A sh^ = pr\ o T Q)j o 7^, 



and the facts 



(^ T )*at = ^0 and 5r*B M = ^ 



we conclude that (|5.44p is equivalent to 

n;(Tin Aa -T^( P ri(B,))) = n;n,. 

Therefore, 

T* (i (n ilo -prI(B M )) = n M . 
The results obtained in this case may be summarized in the following theorem. 
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Theorem 5.2. Let (A, [•, •],/?) be a Lie algebroid on the manifold M and $ : G x A —> A a 

free and proper action of a connected Lie group G by complete lifts. Suppose that we consider 
p G 0* such that G = G^. Then, choosing any G-invariant section a M of A* with values in 
JaI{p), there is a canonical Lie algebroid isomorphism 

: ((T A A*)M -> (T A °A*,n Ao - (pn)*fl M ) 

where Aq is the vector bundle 

A Q = A/TG -> M/G 

endowed with the Lie algebroid structure characterized by {5.3$ , Qa is the canonical symplectic- 
like structure on T a °Aq, pr\ : T a °Aq —> Aq is the projection on the first factor and G 
T(A 2 A*) is the corresponding magnetic term associated with a M which is characterized by {5.43}) . 

5.3. The general case. Let (A, [•,■], p) be a Lie algebroid on the manifold M and $ : G x A 
A a free and proper action of a connected Lie group G on A by complete lifts with respect to 
the Lie algebra anti-morphism ip : q — >• T(A). 

Let p G g* and denote by M the isotropy algebra of p. Then, the induced action $ : G p x A —> A 
is a free and proper action by complete lifts with respect to the restriction ip : — > T(A) of ijj 

to 0^. 

Now, denote by p 6 0* the restriction of p to M and by : A* —> 0* the map given by 

J A" =i* ° J A*, 

where i* : 0* — > 0* is the dual of the inclusion i : — > 0. Then, is the momentum map 
associated with the action of G M on A. 

A direct computation proves that the isotropy group of p G M with respect to the coadjoint 
action of G M , (G^)p, is just G^. Therefore, we are in the conditions of Section I5~2l if we choose 
as the starting Lie group G M . Next, we choose a G^-invariant section a M G L(A*) such that 

a p (M) C (J^rHp). 

This is always possible as we have shown in Section IS~2"1 If Aq^ is the vector bundle A/TG^ — > 
M/Gfj, associated with the action $ T : TG M x A ->• A, we denote by 5^ G L(A 2 Ao p ) the 
corresponding magnetic term associated with a M . Then, from Theorem 15.21 we conclude that 
the reduced symplectic-like Lie algebroid 

(T A A*)-, = (T^r'm/TG, -> J^(m)/G m 

is isomorphic to the symplectic-like Lie algebroid (J~ a °*»Aq , Qa m — pr^B^)), where CIa ^ 
is the canonical symplectic-like structure on T a "^Aq^ and pr\ : T a "-'- 1 Aq i1 — » Aq,^ is the 
projection on the first factor. 

On the other hand, the inclusion : JJ«(/i) — > (J^*) _1 (/2) is G^-invariant and induces a Lie 
algebroid TG^-invariant monomorphism / : T a Ja~}(p) — > 1~ a (Ja* )~ 1 (p) over i^p. Therefore, 
we have a Lie algebroid monomorphism (J, i^p) 

(T A J A 1{P))/TG, (T^J^m/TG, 
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which is canonical with respect to Op and Op on the reduced spaces {T a {Ja*)~ 1 {P<))/TG ii , and 
(r A (J^) _1 (M))/rG M , respectively. 

Denote by i A : T A ( J%. )~ : (p.) ->• T A A* and by ^ : T a (Ja«) _1 (m) -> T^A* the corresponding 
inclusions which are related by 

V = lp,oI. 

Now, if 

are the corresponding projections, we have that 

= r;o A = r(r*o A ) = r(^Op). 

Then, using that 7Tp o J = 7 o 7Tp we conclude that 

X 0^ — 0^ . 

Therefore, 7 is a canonical Lie algebroid monomorphism. Thus, we have proved the main result 
of this section. 

Theorem 5.3. Let (A, [•, •],/?) &e a Lie algebroid over the manifold M and $ : G x A — > A a/ree 
and proper action of a connected Lie group by complete lifts. If fi G jj* and p is i/ie restriction 
of [i to Qfi, then, choosing a G ^-invariant section a M of A* with values in (J^„) -1 (/2), </iere 
exists a canonical embedding 

(T A A*)^T Ao -A* ^ 

from the reduced algebroid (T A A*)^ equipped with the canonical reduced symplectic-like structure 
Op to the Lie algebroid T A °^ Aq endowed with the symplectic-like structure 

Op = Q Aoifl - (pri)*Bp. 

Moreover, this embedding is an isomorphism if and only if q = flp- 
Here Ao ; p is the vector bundle 

A),p = A/TGp -¥ M/Gp, 

Qa it * s the canonical symplectic-like structure on T A °^ Aj$ „, pn '■ 7~ Ao ''* ^ — > Ao,p is the 
projection on the first factor and G L(A 2 Aq) is the corresponding magnetic term associated 
with ap which is characterized by 

Examples 5.4. (i) If we apply the previous theorem to the particular case when A is the stan- 
dard Lie algebroid TM — > M then we recover a classical result in cotangent bundle reduction 
theory (see [HITS]). 

(ii) For the case A = g x TM from (ii) in Examples 13.21 we have seen that the vector bundle 
T A A* -> A* can be identified with g x T(g* x T*M) -> g* x T*M (see Example P]). Moreover, 
the Lie algebroid (g x TM)/TG — > M/G is isomorphic to the Atiyah algebroid associated with 
the principal bundle 7Tj\/ : M — > M/G (see p.l5[) ). 

Then, the reduced symplectic-like Lie algebroid (T A A*)o, for the value fx = G g* , is simplec- 
tically isomorphic to the canonical cover of the fiberwise linear Poisson structure of (T*M)/G 
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induced by the Atiyah Lie algebroid (TM)/G -> M/G, i.e. T {TM)/G {{T*M)/G) -* (T*M)/G. 
In fact, this last Lie algebroid is just the Atiyah algebroid associated with the principal 
bundle ttt-m ■ T*M — > (T*M)/G (see JT3] ) and its symplectic-like structure 0(r*Af)/G G 
T(A 2 (T*(T*M)/G)) is the one induced by the G-invariant symplectic structure on T*M. 

Now, we choose /i such that G = G^ and a G-invariant 1-form £ fi 1 (M) on M such 
that a fi (M) C J _1 (^), where J : T*M — > g* is the momentum map given as in Then, 
the reduced symplectic-like Lie algebroid {T A A*) fI is simplectically isomorphic to the Atiyah 
algebroid associated with the principal bundle wt*m '■ T*M — > (T*M)/G endowed with the 
symplectic-like structure 

^(T*A/)/G - 7m 

where 7 M € T(A 2 (T*M/G)) is the 2-section obtained from a magnetic term defined as follows. 
We consider the epimorphism 



{TT T , Q /GyB^ 

where Tt t , q /G : (T(T*M))/G -> {TM)/G is the vector bundle induced by the equivariant 
tangent lift Ttt-m : T(T*M) TM of r T « fl/ : T*M -> A/. 



We finish this paper with an application which is related with the reduction of non-autonomous 
Hamiltonian systems. 

Example 5.5. Let p : M — > R be a fibration. We denote by Ty p : Vp — > M the vertical 
bundle associated with p. Note that the sections of this vector bundle may be identified with 
the vector fields X on M such that T)(X) = 0, where r\ is the exact 1-form p*(dt) on M, t being 
the standard coordinate on R. 

This vector bundle admits, in a natural way, a Lie algebroid structure where the Lie bracket is 
the standard Lie bracket of vector fields and the anchor map is the inclusion of vertical vectors 
with respect to p into TM. 

Now, suppose that we additionally have a free and proper action <f> : G x M — > M of a Lie 
group G on M which is fibered, i.e. 




p o <p g = p, for all g G G. 



Then: 




The infinitesimal generators of this last action are vertical vector fields. 

The tangent lifted action T<f> : G x TM — > TM induces a free and proper action 



$ : G x Vp -> Vp 



in 



of G on the vertical vector bundle Vp of p. 

p induces a new fibration p : M/G — > R on the quotient manifold Mj G. 
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Then, $ : G x Vp —> Vp is an action by complete lifts with respect to the Lie algebra anti- 
morphism 

i/j-.Q-tVp, 4'{0=Zm- 

Let n be an element of g* and we denote by Jy* v : V*p — > g* the momentum map defined as in 
(|4.32|) . Then we have that the vector bundle T Vp (Jy, p (fi)) —> Jy, p (n) may be identified in a 
natural way with the vertical bundle Vp^ -> Jy} p (/j,), where p^ : Jyl p {^) — » R is the fibration 
given by 

Tj-i : Jy„ p (fx) — > M being the corresponding projection. Under this identification the action 

($,T$*) : G M x Vp^ — > Vp^ given by (|4.28[) is described as follows. Consider the tangent lift 
T$* : G M x T(J-» 1 p (/i)) -> T{Jy} p ([i)) of the restricted dual action $* : G M x Jyl p {n) -> 

Jv-piv)- Since 

we may induce an action of G M on Vp^ which is just ($, T$*). Therefore, the action ($, T$*) T : 
TG P x Vp M -> Vp^ is given by 

($, T$*) T (( 5 , 0, «a.) = ^^(^ + CmM), 

for all (g, £) G G M x g M = TG M and «j G V*p. Here ^ G is the complete lift to V*p of 

the infinitesimal generator of £ with respect to the action tp. 

Finally, from Theorem 13. Ill we conclude that the reduced vector bundle 

(Vp„)/TG„ -> Jy, 1 p (/i)/G Al 

is a symplectic-like Lie algcbroid. 

If /i = 0, then using Theorem 15. 11 we have that this symplectic-like Lie algcbroid is isomorphic 
to T a °Aq where Aq is the quotient vector bundle over M/G with total space Vp/TG. We 
remark that the action of TG = G x g on Vp is given by 

* T ((ff, =%(u x + ^m(x)) j 

for (<?,£) G G x g and w x G T4p. In fact, the vector bundle A$ is isomorphic to the vertical 
bundle Vp with respect to the fibration p : M/G — » R. The isomorphism is just 

Fp/TG^Vp, [«,].->• T^tt^) 

where 7r : M — > M/G is the canonical projection. Therefore, T a °Aq may be identified with the 
vertical bundle Vp — > V*p with 

p=po ry.p : V*p — > R, 

where 7y»p : F*p — > M/G is the corresponding vector bundle projection. In conclusion, the 
reduced Lie algebroid (Vpo)/TG —> Jy} p (0)/G is canonically isomorphic to the Lie algebroid 
Vp on V*p with its standard symplcctic-likc structure. 

Now, we consider [i G g* such that G M = G. Let a p be a G-invariant 1-form on M such that 

«/x(£m) = A*(0: for a11 i e 0- 
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Then, the restriction a^y p of to the vertical bundle Vp of the fibration p : M — > R 
determines a G-invariant section of V*p with values in Jy} p (fj,). 

Let /3 M = d Vp (a^y p ). Equivalently, /3 M is the restriction of da^ £ 2 (M) to Vp x Vp. The 
magnetic term associated with a M is the restriction to Vp x Vp of the unique 2-form of 
M /G such that 

tt* B^ = da^ 

where tt : M — > i\//G is the quotient projection. Moreover, using Theorem 15.21 we have that 
(Vp^/TG is a symplectic-like Lie algebroid on Jyl p (ij)/G isomorphic to the Lie algebroid Vp 
endowed with the symplectic-like section 

n vp -prlB^ £T(A 2 V*p) 

with pr\ : Vp — > Vp the vector bundle morphism on Ty*p : V*p — > M /G given by the restriction 
to Vp of the tangent lift Try? : T(V*p) -> T(M/G). 

6. Conclusions and future work 

In this paper we have proved a reduction theorem for Lie algebroids with respect to a Lie group 
action by complete lifts. This result allows to obtain a Lie algebroid version of the classic 
Marsden-Weinstein reduction theorem for symplectic manifolds. We remark that as for the 
usual Marsden-Weinstein reduction theorem, the presence of the Lie group is superfluous, and 
the infinitesimal action of its Lie algebra is sufficient, although we have chosen not to use this 
approach here. 

Additionally, in this paper the Marsden-Weinstein reduction process for symplectic-like Lie 
algebroids is applied to the particular case of the canonical cover of a fiberwise Poisson structure. 
It would be interesting to also obtain an analog version to the "bundle" or "fibrating" picture 
of cotangent bundle reduction in the setup of symplectic-like Lie algebroids, but this will be 
studied elsewhere. 

It is also worth noticing that the classical Marsden-Weinstein reduction scheme does not only 
explain how to obtain a reduced symplectic structure on a quotient manifold, but it also shows 
that the reduced dynamics of a symmetric Hamiltonian function is again Hamiltonian with 
respect to this reduced symplectic structure. It is easy to prove that a similar phenomenon 
occurs for the reduction of symplectic-like algebroids by complete actions. In fact, under the 
same hypotheses as in Thcorcm l3.11l if H : M — > R is a G-invariant Hamiltonian function, then 
one can prove that the restriction to J _1 (^) of H is a G M -invariant function, and thus, one can 
induce a real smooth function on J~ 1 (/j,)/G fl . Moreover, the restriction of the Hamiltonian 
section to J^ 1 (fi) is a section of the Lie algebroid ( J T ) _1 (0, fi) — > J^ 1 (fi) which is (7?^, 7r p )- 
projectablc on the Hamiltonian section . Thus, if 7 : / — > M is a solution of Hamilton's 
equations for H on the symplectic-like Lie algebroid A — » M passing through a point in J _1 (/x), 
then the curve 7 is contained in J _1 (/i) and 7r M 07 : I — > J~ 1 (/j,)/G fl is a solution of Hamilton's 
equations for on the reduced symplectic-like Lie algebroid — > J _1 (/i)/G M . 
In view of the results of this paper, one could apply this process to the reduction of symmetric 
Hamiltonian systems on Poisson manifolds. We have postponed this study for a future work. 
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